Original first-principles calculations were performed to study the structural and electronic properties of quaternary B x Al y Ga 1-x-y N compounds, using the nonrelativistic full-potential linearized augmented plane wave method as employed in the Wien2k code. For the exchange-correlation potential, local density approximation and generalized gradient approximation have been used to calculate theoretical lattice parameters, bulk modulus, and their pressure derivatives. Non-linear variation with compositions x and y of the lattice parameter, bulk modulus, and direct and indirect band gaps have been found. The calculated bowing of the fundamental band gaps is in good agreement with the available experimental and theoretical values.
Introduction
III-V nitride semiconductors and their compounds have attracted great attention as some of the most important materials for optoelectronic and electronic applications. Gallium nitride (GaN), aluminum nitride (AlN), and related materials are of considerable current interest because of their applications in light-emitting devices operating in the visible and deep ultraviolet (UV) spectral regions. Boron nitride (BN) is a very good choice for protective coatings because of its hardness, high melting point, and large bulk modulus for the cubic variety. It also has features of high thermal conductivity suitable for applications in electronic devices [1] .
Recently, many groups paid attention to studying the properties of the quaternary solid solution B x Al y Ga 1-x-y N. There has also been considerable interest in the use of models and numerical methods in materials science, including the density functional theory (DFT) [2, 3] to study the structural and electronic properties of III-V semiconductors and their solid solutions.
In the present work, we have studied the structural and electronic properties of the binary zincblende (ZB) BN, AlN, GaN, and their ternaries B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N as well as B x Al y Ga 1-x-y N quaternary solid solutions over the entire composition range of x and y by performing first-principles calculations, based on the full-potential linearized augmented plane wave (FP-LAPW) method within DFT. To the best of our knowledge, this is the first quantitative theoretical investigation on B x Al y Ga 1-x-y N quaternary solid solutions, and the results still await experimental confirmations.
We briefly describe the method of calculation, and then the results of our work are presented and discussed followed by conclusions.
Method of calculations
The DFT calculations on the structural and electronic properties of BN, AlN, and GaN binaries, their ternary compounds B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N as well as the solid solution B x Al y Ga 1-x-y N have been performed by the FP-LAPW method, which implements the Wien2k code [4, 5] . The calculation of the total energy was performed using two approximations in terms of exchange-correlation XC potentials, local density approximation (LDA) as parameterized by Perdew and Wang [6] and generalized gradient approximation (GGA) parameterized by Perdew et al. [7] .
In this method, the primitive unit cell is divided into non-overlapping spheres around atoms and remaining interstitial regions, where the Kohn-Sham wave functions, charge density, and potential are treated differently in these regions of the unit cell. Inside the atomic spheres of radius R MT around each atom, radial solution of the Schrodinger equation times the spherical harmonic are used for expansion, and the plane wave basis set is used in the interstitial region. Muffin-tin radii R MT of B, N, Al, and Ga of 1.35, 1.4, 1.7, and 2.1 bohr (0.529 Å), respectively, are adopted.
For the wave function expansion, the maximum value of the secondary quantum number l was limited to l max = 10 inside the atomic spheres. For plane wave cutoff, K max R MT = 7.0 was used to expand the wave functions in the interstitial region and for the charge density Fourier series were truncated at G max = 12. The integrals over the Brillouin zone (BZ) are performed up to 1000 k-points for the ZB binary compounds and 350 k-points for the quaternary ones in the irreducible BZ.
Results and discussion

Structural properties
The quaternary system, studied in this paper includes three binary compounds BN, AlN, GaN, and three ternary solid solutions B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N. To calculate the structural properties of the binary and ternary solid solutions and then their quaternary solid solutions, we started calculations with the ZB structure and let the calculated forces move the atoms to their equilibrium positions. We have chosen eight atoms (in primitive P mode of fcc ZB) of 1 × 1 × 1 single cells for modeling the structure of the quaternary solid solutions B x Al y Ga 1-x-y N for the considered structures and at different boron and aluminum concentrations x and y for compositions (x = 0.25, y = 0.25; x = 0.25, y = 0.50; and x = 0.50, y = 0.25). The structural properties were obtained by calculating the total energies for different volumes around the equilibrium cell volume V 0 of the BN, AlN, and GaN binary compounds and their solid solutions. The calculated total energies were fitted to the Birch-Murnaghan equation of state [8] to determine the ground state properties such as the equilibrium lattice parameter a 0 , the bulk modulus B 0 , and the pressure derivative of the bulk modulus B′. [19] , and l [20] . The calculated equilibrium parameters a 0 , B 0 , and B′ for the binary compounds are given in Table 1 , which also contains results of previous calculations as well as the experimental data. There is a good agreement between our results and the reported theoretical investigations. In comparison with the experimental data, we found that GGA overestimates the lattice parameter and LDA underestimates it, whereas the bulk modulus is underestimated with GGA and overestimated with LDA. These observations are in concordance with the general trend of these approximations. Our calculated lattice parameters and bulk modulus at different compositions of ternary solid solution B The deviations observed from the linear concentration dependence can be explained mainly by the large mismatches of the lattice parameters of the binary constituents. From Figs. 1 and 2, we observe that the lattice parameter increases when the composition x is decreasing and the bulk modulus decreases the composition x is decreasing. Results obtained in our calculations agree well with other available data [16] .
The structural and electronic properties of pseudobinary (ternary) solid solutions B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N were studied in the second step of our investigation. We used ordered structures described in terms of supercells with eight atoms per unit cell, for the compositions x = 0.25, 0.50, and 0.75. For the considered structures, we performed the structural optimization by minimizing the total energy with respect to the cell parameters and the atomic positions. The calculated lattice parameters at different compositions of B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N as shown in Table 2 .
The calculated structural properties for the quaternary solid solutions are listed in Table 3 . To the best of our [25] , and g [26] .
knowledge, there are no experimental or theoretical data for the structural properties available in the literature for the studied solid solutions. Our results can serve as a reference for future investigations. Usually, in the treatment of solid solutions when experimental data are scarce, it is assumed that the atoms are located at the ideal positions and the lattice parameters vary linearly with concentration x according Vegard's law [27] . However, violation of this linear law has been observed experimentally [28] and theoretically for semiconductor compounds. Assuming that Vegard's law is valid, the lattice constants of B x Al y Ga 1-x-y N quaternary alloys are generally expressed as a linear relation of boron composition x and aluminum composition y by the following expression [29] :
We tested the validity of Vegard's law for the B x Al y Ga 1-x-y N quaternary solid solutions in the ZB structure with different boron and aluminum concentrations. a(BN), a(AlN), and a(GaN) are the equilibrium lattice parameter of BN, AlN, and GaN, respectively. a(x,y) represents the composition-dependent lattice constant of B x Al y Ga 1-x-y N quaternary solid solutions.
Electronic structure properties
Accessing the energy band structures in semiconductors provides valuable information regarding their potential utility in the fabrication of electronic and optoelectronic devices. As group III nitrides are promising materials, the accurate knowledge of the band structures of the B x Ga 1-x N, B x Al 1-x N, Al x Ga 1-x N, and B x Al y Ga 1-x-y N compounds becomes essential. The band gap energies of BN, AlN, GaN, B x Ga 1-x N, B x Al 1-x N, Al x Ga 1-x N, and B x Al y Ga 1-x-y N were calculated for the equilibrium calculated lattice parameters [1] .
Using our calculated values of lattice parameters with GGA, we computed the electronic band structure along some high symmetry directions in the BZ, with LDA and GGA XC. The obtained band structures for ternaries at x = 0.5 are presented in Fig. 3, and The numerical results are listed in Table 4 and compared with the available experimental and theoretical data. They show that the valence band maximum (VBM) occurs at the BZ center Γ point and the conduction band minimum (CBM) is located at the X point in both BN and AlN, thus resulting in indirect (Γ-X) band gaps for BN and AlN and direct (Γ-Γ) band gaps for GaN and ternaries solid solutions B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N. [25] , and o [26] .
The calculated band gaps are in very good agreement with those of available theoretical calculations. It is worth mentioning here that the calculated band gap values listed in Table 4 are systemically underestimated in comparison with experimental data. Such underestimation of the band gaps is mainly because the simple forms of LDA and GGA do not take into account the quasi-particle selfenergy correctly [36] , which makes them insufficiently flexible to accurately reproduce both XC energy and its charge derivative.
The band gap energies of B x Al y Ga 1-x-y N solid solutions have been computed using both GGA, LDA, and modified Bezcke-Johnson (mBJ) approximations [39] . We found that the quaternary solid solutions B x Al y Ga 1-x-y N have a direct band gap. The resulting values for the different x and y concentrations are given in Table 5 . It can be seen that the large value calculated for the quaternary solid solutions of the direct band gap using LDA approximation is 5.65 eV, which corresponds to x = 0.50, y = 0.25.
The band gap energy of an A x B 1-x C compound can be depicted as a function of the A composition x and can be approximated using the following equation:
where E g (x) is the band gap energy of the A x B 1-x C solid solution, E gAC and E gBC are the band gap energies of the binary compounds AC and BC, respectively, and the quadratic term b is the bowing parameter of A x B 1-x C [1] . The total bowing parameter is calculated by fitting the band gap energies of B x Ga 1-x N, B x Al 1-x N, and Al x Ga 1-x N obtained with the equilibrium lattice parameters. The corresponding plots are provided in Figs. 5-7 ; the non-linear variation of the calculated direct and indirect band gaps in terms of concentration with a polynomial function is as follows: Table 5 : Calculated direct (Γ-Γ) and indirect (Γ-X) band gaps for ZB-type B x Al y Ga 1-x-y N quaternary solid solutions. All energies are in eV. We have not found any theoretical report or experimental data in the literature to compare and confirm our results for these solid solutions. Our work therefore can serve as a reference for future studies.
Composition (x, y)
Density of states
To understand the calculated band structure in terms of the contributing atomic states, the total DOS is plotted in Fig. 10 The first region (VB1) located in the energy range [-14, -10 eV] is dominated by the aluminum Al-3s, Al-3p, gallium Ga-4s, Ga-4p, and nitrogen N-2s, N-2p states with little contributions of Ga-3d states.
The second region (VB2) expanded between [-8, 0.0 eV] is divided into two sub-regions. The first region at the left side results from the contributions of B-2s, Al-3s, Ga-4s, and N-2s states. The second sub region at the right is a mixture of B-2p, Al-3p, Ga-4p, and N-2p states. We remark that the deep levels are dominated by the "s" state and the higher energy levels in this band are dominated by "p" states. The third region (CB) is essentially dominated by B-2p, Al-3p, and Ga-4p empty states with a minor contribution of N-2p states.
Optical properties
The optical properties may be extracted from the dielectric function, which is determined mainly by the transition between the valence and the conduction bands. According to perturbation theory, the imaginary part ε 2 (ω) is expressed as
The integral is over the first BZ. The momentum dipole elements, ( ) ,
where δ is the potential vector defining the electric field, are matrix elements for direct transitions between valence u vk (r) and conduction band u ck (r) states, and the energy ( )
is the corresponding transition energy. The real part ε 1 (ω) can be derived from the imaginary part using the familiar Kramers-Kronig transformations
where P implies the principal value of the integral. The knowledge of both real and imaginary parts of the frequency dependent dielectric function allows the calculation of important optical functions such as the refractive index n(ω) using the following expression: 
Conclusion
Employing the FP-LAPW method, we studied the structural and electronic properties of the quaternary solid solutions B x Al y Ga 1-x-y N and their three pseudo-binary ones as a function of the compositions x and y. A non-linear behavior of the lattice parameters, bulk moduli, and band gap dependence on x and y has been observed. The structural and electronic properties of the binary and ternary compounds are in fair good agreement with the available theoretical results. Contrary to the parent binary compounds, the quaternary solid solutions are found to be direct band gap semiconductors. This essential characteristics indicate that those materials (B x Ga 1-x N, B x Al 1-x N, Al x Ga 1-x N, and B x Al y Ga 1-x-y N) can be useful for optoelectronic applications. The calculated band gap energy of BAlGaN is in the range of 3.29 to 5.12 eV, corresponding to the wavelength range 377-242 nm. Therefore, the BAlGaN system is a promising material for use in semiconductor lasers that operate in the UV spectral region.
